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Once upon a time in the later 1960f - early 1970's

Scott domains and Scott Continuity .

Fa our puupose Bool
,
_

= {1,7F} 1<={4--1}
t↑

, /
F

11-

Our Playground : monotone ( = continuous here) functions

f : (Book)
"
→ 1,

Such function can be recovered ly their trace: lle
set of minimal points te≥ - - en ) s -

t
- ffsç . - ✗n )=T

and hence can be described by an mine matrix

(m = number of minimal points )
.
KÎ - r e . Xrf
-

n
-
- -

-
- - - e

r
r
-

m aiXa

Scott not iced the problematic behari our of
"

pa
"

:(Boroff
"
-111

aimer
l'¥ )

This launched the guest for a Genuine) fally abstrait ( FA)
Model of PCF

.



gallium.inria.fr/~huet/PUBLIC/GGJJ.pdf 

Once upon a time in the later 1970 's

Berry f- Gustave,sa |
"

killed
"

par by requin.mg all pains of minimal

points to be incompatible = stable functions
(redebcovered by Girard in early 1980 's → linear logic
In the present setting, in terms of matrices :
Fi
, j 7k xÎ =P and xj?- F ou
K x? = F and xj =P

Kik
i

j
x!

Indeed
"

pa
"
is not stable :

(EI ) " '" } ≤ (TT)(Yt)

But Beny noticed lle problematic character of
lle function 1- T' F-

GUSTAVE = (¥ ¥ )



RolleMatic = non sequential

In both cases (" par " and GUSTAVE) ,Mollema tic meam

not sequential (at It,H )

A function p : (Book)~→ 1-
+
is sequential if

7- i (after -- - ✗n) - T) ⇒ xi -1-1
So that we can start to pogrom f by Wiking

if Ici =T Iben --

Sequential ⇒ stable



Summaryso for

pa is continuous lut not stable

GUSTAVE is stable but not sequential

Then all full abstration hunters searched

way to
"kik

" GUSTAVE
,
and Thomas is

one of them , who
did it (with Antonio

Bucciarelli ) via Hong stability.
But in this talk

,
we love GUSTAVE !

Definition (Huet2011) A Gustave function is

a function f :(Book)
"

→ I, that is

stable
,
and not sequential at Att)

Equivalent definition : each columns of the matrix
contains at : ↓ . -

_
.

En particular, [ ÷. {m ( up to

permutation
m≥M •nest



Once upon a time on 1785 in the Kingdom at France



Condorcet's (1743-1794) voting procedure
We have a set C : {Ca

,

-

→
en} of candidates

a set V = Eh
,

--

, Inet of Voters

Each voter given a total ader of preference of all candidates

This the data of a Condorcet Gallot consista in a function

Q : V -1 Bij ( C , {1, . . _ µ ) ( the set of bijections from

We write c↳ c
'

if

'

_
.

C to E? - - n]
. /

9TH < 914 (i)
''
r nanles C' aboie c

"

We write c <vé if card v1 cave
' 3 > N

J
"
a majoûty of voters ranks c

' aboie c
"

-
ze

C
' beats c ( Sticky speaking ,we should writecafé , café

Observe that fa all c, c
'

we have (exclusives )
{

c-iorcqdorc.LT/-
↓

also written

↳
✓
C
'

i.e.
,
<
✓ is a total strict relation .



Condorcet paradoxe

Warning. Unlike <y
<
v Mag not be transitive . Th

basic

example is
C = {A , B,c) ,

✓= 442,33

914 = AZB>c We have A>✓B ,
B>✓ÇC>✓A

q AI = BX> A

q /3) = A>B
Gunild each by two voters over three)
Hence A>✓C does not hold !

Tf <✓ admis a Cneoooarilj unique ) maximum
,
ie
.

. c at fake c>✓c
'

,

then a is colle d Condorcet Winner
.

There is no winner in this example .
The possible

absence of a winner is collect Condorcet paradoxe

Note
.

Lach of transit inty does not prevent the existai
of a Winner . Just add a candidate D and put

QIH -
D >A > B> c

9121 - D > B >↳ A

ce B) =D > C) A > B

Then q is not transitive
,
bat Darius .

We have Lv transitive ⇒ 7 Winner

for card (C) =3 , the converse holds

for and (C) <3 there is a Winner



Abstracting from the set of voters

With at lot of generalitg [ as we shall see), we
abstract hon ✓ and consider a total strict relation<
on a pet C = {Ç

,

-

→
en} of candidates . Tte relation <

can be represented as anxn- Matrix My with entries
in Body , setting T if Cj < ci

Mij =[ if i-jF if ci< Cj

Fa example,
the matrix associated to the Counterexample

alor is

[
↑

F)
We've met

f- 1- 7

T F 1- fefae - - -

The matrices My have the following features :

they are square matrices (mtn )

The diagonal is filled withI , and these are
the Orly I entries

setting TIF,
F-
= T and I =L

,
we

have Hij cji = ÊJ
Definition Picard .

Such a matrix in collect semi -Condorcet



To Wind not to wir

ban in 1470 ¥£
As the seigneur

de La Police could have paid
it is super easy to detect the Winner

, if ange on
a semi- Condorcet matrix : find a [neosroarilg unique /
line i of the forme

F--T 1- F-- ↑ (Cij =P for all j'≠ i )

But there is and-ha charactersation that gives
more information in the case of lle absence

of a Winner : there is a uniqeelg determined

caeputset ✗ of candidates that cause (wah )
lle paradoxe .

[In terms of octets , ✗ is minimum such that

if we ease lle candidatos in AX from ke voter
, hapmj

le test of the expressed preference
,

Hen there is no

Winner )



Charcutais ing lle absence of a Winner

Definition (Huet 2011) .We define the relation[as follows :
CFTC

'

if CL c
'

and

f for all d'=/ça
'

, if C
"

Lig then C
'Kc

c
'

defeats C "

c
' beats q and

all candidates that c beats
"

Lemna
.

The relation [ is transitoire .

Algorithm Initialisation X: - C

-while 7C
,
c
'
C-✗ such that é Eye, set X: = ✗ -EU

wrt ✗! Slaney, tabety-ustu.ch?EofLtoX,andlkarG--&I
Proposition (Huet 2011 ) Given C and L total strict on Ç

Here is a Winner (i.e. a maximum fort )
I lle winner!

the algorithm termina tes with ✗= { É fa some i
the And state ✗ reached by the algorithm is independent
of the choices made lytle algorithm ( choice of a at each

itération)

If there is no Winner , tte
machine stop at someX

with card 73 ,and MY Display a Gustave function .

Yet My the Condorcet vitres ob L .

\

n (and card 1=4%2022)
,
seebelow)



App lying the algorithm
Algorithm Initialisation X: - C

-while 79C
'
c-✗ such that i Egylet X : _- X -G

'

}

With a winner ç 1- T' ¥
: ç 1- T' T

4 F 1- Fi ç F*
!
"

's¥Ï
Wilhoit a winner ( obtained by reverse engineering ! )

G IT F T F G IT F T -1

4 FÎ ↑ Fc
G 1-T' F

Ca F1 ↑ F ↑ Ca FÎT
↳ T' F 1- T ↑ ? ↳ T' F 1- T / ↳ ↑ Ft

ç FT Ft
F 1 ↳ FIXE À " ÎF

,mal : no Winnercs-IFXFI.tt



Boof of the soundvon and coupletenon of that's algorithme

Algorithm Initialisation X: - C

-while 7e
,
c
'
C-✗ such that i Egylet X : = X -K

'

}

Aaaf of the proposition .

If there is a winner ci
,
it a fortiori defeat all candidates,

hence taheng C) {Ci } = { Ci
,
-- Cin, } in any

onder we can

pet ✗ : = C)«i≥}
,

X: = C) scie
,
ci.] etc.

until X: = C) {Ci
, ,

- - - Ça! _- {ci }

The converse is an immediate consequence of the following claim :

Tf
"

✗ c , c
'
c- AX

,
Ca
,
Ca c-✗

"
ce✗ noirs relatively to X
I

>

Ca defeats c' relatively to ✗UH }

then c nous relatively to XUEC'

}
.

Pzoof of the daim .

We have

G-¥ ca bg d

,
a equivalently G-ËÊp

Hence G-Î
✗uÊÏ«Î Ê cité ⇒ G-zuçj
Y transitivité

""

lemma



Vvhichtustave fonctions cerise as Condorcet witnesses ?

By construction , a Condorcet witness is a Gulf set ✗ of
candidates such that Fci

,Gi EX ci>
'

cjjr,equivalently✗

V-ciijcciz.ci ⇒ 7kF Ij ChandÇÇCKI

Translatif this in terms of matricés
,
we arrive at :

Definition . A semi - Condorcet Matrix M is collect

a Condorcet matrix off the following additional
condition holds :

Hij , if Miz = T [and hence Mpi -F) , then
there exists bit i,j at . Mile _- F and Mjk it
such ah is collect a Condorcet nuitness (of

stability of the associated function) fa i, i
i j k

t
. -

- - - - - - - - -

i - t -
- ↑ _

. F . -

si f. Ë - -

Ïï :-|
. ,

-
-
- - - -
- -

- -
-

,

1- function is collect a Condorcet function if its Matrix is Condorcet

Thus
, by Definition, Condorcet ≤ Gustave



The eught 3×3 Gustave functions

,

-1FF -1,1FF
À 1- T , F + p

-1F ↑ 1- F ↑
ri

↑ [ FÏÏ Ë↑ 1-/ FF1 TT 1-Ï

1FF LTF 1- MF-1
.

1- ↑ ↑ ;
Ét T Ft ? Ft F- ↑ 1- Fi

I.À ↑ Ft ÈÏ FÉ
Each of the sinc extended functions is related
for two recensons :

not semi - Condorcet

no Condorcet wilmers of stability
This in special to n - 3 !

The remaining mes are GUSTAVE and its Mirror

Gégé f- Gustave -GB) could not
have been Closer to

the marquis de Condorcet!Summary .

fer ni 3

Condorcet = semi - Condorcet = { GUSTAVE, co
-GUSTAVE} Gustave



A Curiosity : there is no 4×4 Condorcet function

cs

1.1 1- ↑ F C
t T F C

ËÏÏÏe- F - F L F F
-

i forces
T p , p

compatible !

1 [
1- ↑ F C IT F 1- f EF

, p p ,

NO

E_ait Ft
'T e -

b-F T F 1- f 12 1- ↑ F C T T F F

dit
c- é if I

e c- F1 T' ↑ F1 T ↑
:

IT F 1 f
traces

i I
-

F
. -

±
- -
f. compatible !

F F if 1-⇔_____N°
-

2.1 1- ↑ b F 1- ↑ T' F

f-T' F1 d P Ft d T'
- - =

- - -
- - compatible !

a- b- à 1- places f- d 1- ↑2 1- ↑ b F
: b-=p - -

- - - - -

air
[Ft d Pkiff

c-F b- à 1- f
2.2 1- ↑ b Fest 1- ↑ b F

- --
- - - -

↑ F À 1-
f-F F L d P

face
F 1- F 7 compatible !

TJ à 1- FIEF b- T 1 F NO
It a is c

' ↑FT1ÀÊÏi. à
+ de -

b-

c-

à 1- f 3.1
1- F T C T F T F

é if I f-T T L F e T L F e
r - --- -

3 [
1- F T C T F ↑ 1- ↑ forces

F ↑ 1- T compatible !

a- F
T -1F e-i-F-E-TI-E.IN

bit F ↑ 1- f 3.2 1- F T C ±
-

E
-
I
-

td- F c- é if I f-F T L F e T L F ↑
compatible !

- F ↑ 1- F faces
F ↑ 1- F NO

'

c- F- ?t.IE?----F----.-

4.1
1- F b T t F b T

ji
- - - - - -

fit ↑ 1- d
'÷

1- Te F- compatible !
a- b- à 1- ↑ No

1- F b T : forces Î
-

E
-

I
-

I
•
4

:< F ↑ F 1- d'=F
a-F
[ T' 1- d E

«↑ b- à -1 f
ÊFᵗᵗ

1- F F T
e- F

F T if 1- fif ↑ 1- d '÷ T' 1- d F-

À
-

à
-
- -
- compatible !

-

g-
b- à 1- f-

forces 1- FNon
7F ↑ ↑ 1- b.=P F-

'

À
'

À
'

-
1-



Gustave vs semi - Condorcet vs Condorcet fa n ≤ 4

For all n
,
we have

semi - Condorcet
≤

∅≤ Condorcet
à Gustave

A-2 Condorcet = Gustave = ∅ § semi. Condorcet :{ IÏÎI
,.EE/)n--3

Condorcet = semi - Condorcet = { GUSTAVE, co
-GUSTAVE} Gustave

N = 4 t'TFF .

Condorcet = ∅
Et
↳t'←In FIFF

:

FF1 T

€
Demi - Condorcet

" F"

5
1- 'T' F F

F L T F

T F I F

↑ ↑ ↑ 1-



Au example of a 5×5 Condorcet function

1- 'T F T F L T F T F

E Î À F F

1- T E T F

1) ↑ F F F 1- ↑ F F

T F L T T T F I T T T F I T T )
F T F L T F T F L T F T F L T
T T F F L T T F F 1- À T F F 1-

1- T F T F L T F T F L T F T F

, , , , ,

"

F 1- ↑ F F

" + ± ÏÏÏÏ " + ¥ "T F L T T

F T F L T F T F- I T

I T F F L T T F F L T Î F F L

L T F T F L T F T F L T F T F

F I T F E F I T F F F 1- ↑ F F

T F L T T T F
,
I I T T.FI ? T

F T F) I T F T E L T F (T F L À
T I F F L T T F F L T T E F 1-

1- 'T F T F

F t T F F

T F L T T

F T F I T

À T FEI



Synthesismg a 6×6 Condorcet function

I I F T -

F 'T'

I 'T F T F F
F I T F F

-

F I T F - F T
T F I T T :

T F L T T
F T F L T

F T F I T
-T T F F L F

T T F F L F
- F . T t

F F P t

L T F T F M L T F T F T

F L T F F T F L T F F T

T F I T T F T F I T T F

F T F L T F -T F L T F

T T F F L F T T F F L F
- F F T T I

F
-

F T T T 1-

Question .

Does

∅ =/ Condorcet
4-
semi - Condorcet

€ Gustave

hold for all n≥5 ?

[In particular
,
are there Condorcet function

for all n -1-72,4 ? )



Bach to voting
Proposition (Pk20221 For any pet C- {Ca, --in of candidates,
for any total strict relation < on C

,

Here exists
i

a set of voters (of add cardinal ty) and a Condorcet ballot
such that Lv = 4 .

Lemma Fa fixed C
,
if Iq) is a Condorcet ballot

,
thon
, Talang

W = V. 1) UN. 2) U { *} and µ defined ces follows :

Host - q (v1 Y /v.2) = 91M µ# = whatever choice

we have ↳ = <W -

Proof . We have , for
all c

,
c
'
c- C :

| card { v1 WEWIE#3 and «wc} - card { v1 WEWIE#3 and choc} /≥2
And hence the angle vote of * cannot make a difference .

Proof of Proposition .

Ne poceed by induction on tlenumber of candidates .

Anum we have found V such that Lv -- restriction of { to ✗€ C ,

and pick CEUX .
Then tole W

, y as in the lemma (relatively to X ),
esd-ending µ on NIE*] by setting

everly v. 1 places c in first position

euery v.
2 places c in lost position

construir ing the choice of lle vole of * so as to have

* prefers e to all candidates c
' such that chic

* pafois all candidates c
' such that Kc to e



Once upon a
time in the la te 1980 's

CHAPEAU
BAS À

THOMAS !


